In this paper, we propose a fuzzy tracking control for chaotic systems with immeasurable states. First we represent the chaotic and reference systems into T-S fuzzy models. Some properties concerning the premise variable selection and controller placement for chaotic systems are discussed. When considering immeasurable states, an observer is designed along with the controller to track a reference model which is a fixed point, a stable nonlinear system, or a chaotic system. For different premise variables between the plant and reference models, a robust approach is used to deal with the problem. The conditions for dealing with the stability of the overall error system are formulated into LMIs. Since the simultaneous solution to both the controller and observer gains with disturbances are not trivial, a two-step method is utilized. The methodology proposed above is applied to both continuous-time and discrete-time chaotic systems. Two well-known examples, the Chua's circuit for continuous-time and Hénon map for discrete-time, are used in numerical simulations and DSP-based experiments. The results verify the validity of theoretical derivations.
Introduction
Control for chaotic systems has led to many fruitful results, such as the famous OGY [Ott et al., 1990] , and feedback control [Chen & Dong, 1993] . Of course, control of chaos is not limited to the approaches above and is not specifically reviewed one by one here. The representation of chaotic systems using T-S fuzzy models [Takagi & Sugeno, 1985] has a unified approach [Lian et al., 2001a; Tanaka et al., 1998 ]. Due to the fact that the trajectories either evolve in a strange attractor or on a periodic orbit/equilibrium point, the universal discourse of fuzzy membership functions are in apparent and bounded regions. This leads the T-S fuzzy models to exact representation for chaotic systems.
In addition, the T-S fuzzy model-based controller analysis and synthesis rely on a linear matrix inequality (LMI) approach. This modeling and design methodology, being systematic and straightforward, has led to more results [Lee et al., 2001; Lian et al., 2001b Lian et al., , 2001c Lian et al., , 2001d .
To deal with some problems still existing in tracking control via T-S fuzzy models, we propose a methodology aimed at (1) considering chaotic reference models; (2) estimating immeasurable states; and (3) robust performance for different premise variables in the T-S plant and reference fuzzy rules. For the first objective, a reference model from the exact representation for chaotic systems using T-S fuzzy models is considered. For the second objective, an observer is designed to estimate the immeasurable states. A two-step method is utilized to solve the controller and observer gains. Finally, a robust criterion is given to attenuate the disturbances arising from different premise variables between the plant and reference models. All of the above proposed methodologies are then systematically formulated into LMIs for the continuous-time and discrete-time cases. Actually, in definition familiar to chaotic researchers, the output feedback tracking control for chaotic systems is the design of a synchronizing response system where the estimated states are used for control of the drive system to track a reference chaotic trajectory.
Although there are vast amounts of research results regarding T-S fuzzy systems, the output feedback tracking control for T-S fuzzy models has yet to obtain emphasis. To the best of our knowledge, in exception of output, all the premise variables for the fuzzy observer design must be measurable. This is often a strict requirement for many physical systems. Fortunately, we will see that most well-known chaotic systems represented by T-S fuzzy models have premise variables which form the output signal. This fact is exploited in controller design for chaotic systems since it will result in minimum alteration in the original physical system. In other words, due to the fact that the output is used as the premise variable, this will lead to a controller placement (injection point) that makes minimal changes to the original system. This concept will be clarified by an example in the upcoming sections.
The rest of the paper is organized as follows. Section 2 discusses the T-S fuzzy representation of chaotic systems. In Sec. 3, immeasurable states are considered and the tracking control design is given. In Sec. 4, numerical simulations are carried out using Chua's circuit as an example. Some DSP-based experiments are further carried out in Sec. 5. Finally, some conclusions are given in Sec. 6.
Fuzzy Representation of Chaotic Plant and Reference Model
The general chaotic system is represented by
where sx(t) denotes continuous-timeẋ(t) and x(t + 1) for discrete-time chaotic systems, respectively; x(t) = [x 1 (t), x 2 (t), . . . , x n (t)] T ∈ R n is the state vector; and f (x(t)) is a smooth nonlinear function. Chaotic systems, by nature, are not control systems. Depending on the control application and the system's basic characteristics, we shall then decide where to inject the control input (which is not a unique choice). To further explain this concept, we take Chua's circuit as an example. Here the tracking control with immeasurable state application is considered. The application, in more familiar terms to chaotic researchers, is to first design a synchronizer driven by a scalar signal (this scalar signal is called the output or measurable state of chaotic systems). Then use the synchronized states as feedback signals for the tracking controller design. This problem formulation is depicted in Fig. 1 . As we compare the controlled system with the original system, the chosen control input is injected as to lessen the alternations to the original circuit topology. Since not every chaotic system has a corresponding physical meaning that benefits the choice of control inputs, this concept is not always applicable to other well-known chaotic systems. However, the controllability condition must be satisfied and may provide another guideline when choosing where to inject the control input. On the other hand, for output selection, there is a technique involved. Take Chua's circuit in Fig. 1 as an example, we choose the voltage of the nonlinear resistor as output. Then it is natural to use this chosen output as the premise variable for the T-S modeling [Lian et al., 2001a] of chaotic systems. This concept is valid from investigating a large class of continuous-time and discretetime chaotic systems. The reason is that the nonlinear term(s) of the chaotic system usually is dependent on one common variable. This variable, once chosen as the output signal, will greatly lessen the complexity of the T-S fuzzy modeling procedure and in turn the observer design is more straightforward. Details of the above can be seen from [Lian et al., 2001a, and references herein] .
According to the guidelines of choosing the output and the control input, the exact T-S fuzzy model for chaotic systems [Lian et al., 2001] has the following fuzzy rule representation: Chaotic Plant Rule i:
where y(t) is the system output and the premise variable of the T-S fuzzy model as well; u(t) is the chosen controller input; F i are fuzzy sets; r is the number of fuzzy rules; A i , B i , C i are system matrices of appropriate dimensions; and b i are bias terms arising from the exact fuzzy modeling procedure. Note that for the tracking control application, the system (1) is chosen to have a single control input and a single output signal. To obtain the inferred output of the fuzzy rules (1), we use the singleton fuzzifier, product fuzzy inference, and weighted average defuzzifier. Therefore, we have
From the fuzzification, inference, and defuzzification procedure, we have the properties h i (y(t)) = F i (y(t))/ r i=1 F i (y(t)); and r i=1 h i (y(t)) = 1 for all t, where h i (y(t)) ≥ 0 are normalized weights. The results of T-S fuzzy modeling for well-known continuous-time and discrete-time chaotic systems are shown in Table 1 (note that d in the table is the magnitude of variation bound for the premise variable). The details of choosing fuzzy sets and system matrices for the T-S fuzzy model representation, c.f. [Lian et al., 2001a [Lian et al., , 2001d , are not repeated for space consideration.
The control objective is to track a reference model
where x R (t) is the reference state; and r(t) is a bounded reference signal (which in some cases is not needed and equal to zero).
Assumption 1. The reference states x R (t) are bounded.
The assumption above is reasonable for trajectories of chaotic systems (which evolve in some bounded region). From the T-S fuzzy modeling procedure above, the reference fuzzy rules are represented by Chaotic Reference Rule i:
where
] T are the premise variables of the T-S fuzzy model which would consist of the states of the system. Therefore Chua's circuitẋ
Rössler's systemẋ
Avoid using only x3
Lorenz's systemẋ
Hénon map
the inferred output of (4) is
Remark 1. Note that the reference model (3) used in this paper is nonlinear, which is different from the linear reference model used in [Tzeng et al., 2001] .
Since the reference model (5) is a general representation, we will provide a discussion concerning various control objectives associated with different reference models.
Case A. Regulation
Suppose the reference input r(t) is chosen to be a constant and satisfies f (x ep ) + g(x ep )r = 0 for an equilibrium point x ep to be regulated. Then the regulation at point x ep will be achieved (after the controller is designed), if the initial state of the reference model is chosen as x R (t 0 ) = x ep .
Case B. Nonlinear model following
For tracking control, we hope to achieve good control performance by carefully choosing the reference model. To ensure good response performances, the reference model has bounded states for any bounded input r(t), or nonlinear system (3) with r(t) = 0 as asymptotic stable.
Case C. Chaotic tracking
For a reference model that is chaotic, the system (3) with r(t) = 0 in this case is no longer stable since the system will evolve around unstable periodic orbits or strange attractors. Compared with Case B, r(t) in (3) is zero but the system matrix A i in (4) may be unstable.
The problem formulation of the main control objective will be stated in the following Sec. 3.
Fuzzy Tracking Control for Chaotic Systems
For control applications of chaotic systems, such as output feedback control, synchronization, etc., we often consider that one or multiple states are immeasurable. Assume that (A i , C i ) is an observable pair. Therefore to obtain the estimation of the immeasurable states under limited information, we use the fuzzy observer designed as Observer Rule i:
wherex(t) = [x 1 (t),x 2 (t), . . . ,x n (t)] T ∈ R n is the estimated state vector and L i is the observer gain. The inferred output for (6) is
For chaotic systems, the premise variables in the T-S fuzzy models are used as outputs [Lian et al., 2001] . Therefore it is straightforward that the premise variables in the fuzzy observer are measurable and same as the plant. In other words, we set h i (ŷ(t)) = h i (y(t)).
Hence, the estimation error system is written as
(8) where the estimation error e(t) ≡ x(t) −x(t). Define tracking errorx(t) = x(t) − x R (t). Therefore from (2) and (5), we have the tracking error system
which can be rewritten as
where ω(t) is defined as
From Assumption 1 and the fact that weighting functions are bounded, ω(t) is regarded as a bounded disturbance. Assume that (A i , B i ) is a controllable pair. Therefore, we design a fuzzy controller based on parallel distributed compensation as Controller Rule i:
which yields the following inferred output:
Substituting (10) into (9), we obtain the closed-loop system
Combining (8) and (11), the overall error system is
wherẽ
The tracking results of model following control are expressed in the following theorems.
Theorem 1 (Continuous-Time Case). The overall error system (12) withω(t) = 0 is quadratically stable for a given semi-positive definite symmetric matrix Q if there exists ρ > 0 and a common matrix
for all (i, j). When consideringω(t), the system has robust performance
Proof. Choose the Lyapunov function candidate V (Φ(t)) =Φ T (t)PΦ(t). Taking the time derivative, we havė
If the inequality (13) is satisfied, then we havė
Therefore ifω(t) = 0, quadratic stability is concluded. Furthermore, the robust performance (14) is achieved by integrating on both sides of (15) with respect to t. In other words, the disturbances are attenuated to a prescribed level 1/ρ 2 .
Remark 2. The disturbanceω(t) equals zero if the regulation of x(t) at x ep is considered. Now we convert Theorem 1 into a convex optimization problem to find the proper controller gains K i and observer gains L i which solve the tracking control problem. For design purposes, we assume that
Since P = P T > 0 and Q = Q T ≥ 0, we have P 1 , P 2 are positive symmetric matrices and Q 1 , Q 2 are semi-positive definite matrices. From the assumption on P , Q, inequality (13) and using Schur's complement (see Remark 3), we have
Remark 3. The Schur complement [Boyd et al., 1994] implies that A S S T B < 0 is equivalent to B < 0 and A − SB −1 S T < 0.
Premultiplying and postmultiplying (17) by the following matrix
and using Schur's complement, we have
In an attempt to formulate (18) as an LMI problem, we let M j = K j X 1 . Then
However, the inequality (18) is still not an LMI problem formulation due to the conflict of K j explicitly appearing in (18) and implicitly involved in M j . This implies that a straightforward simultaneous solution to finding the controller and observer gains from (18) is not trivial. To cope with this problem, we will utilize a two-step method. In the first step, W 11 < 0 is considered. Then we have the following LMI
(19) From solving (19), we obtain X 1 , M j and therefore the controller gains K j . Substituting these known parameters into (18) and letting O i = P 2 L i , inequality (18) becomes a convex optimization problem. In the second step, we obtain observer gains L i from solving (18).
Theorem 2 (Discrete-Time Case). The overall error system (12) withω(t) = 0 is quadratically stable for a given semi-positive definite symmetric matrix Q if there exists ρ > 0 and a common matrix
for all (i, j). When consideringω(t) = 0, the system has robust performance
Proof. Choose the Lyapunov function candidate V (Φ(t)) =Φ T (t)PΦ(t). Taking the time difference, we have
If the inequality (20) is satisfied, then we have
Therefore ifω(t) = 0, quadratic stability is concluded. Furthermore, the robust performance (21) is achieved by summing on both sides of (22) with respect to t. In other words, the disturbances are attenuated to a prescribed level 1/ρ 2 .
Analogous to the continuous-time case, we formulate Theorem 2 into LMI problems in the following procedure. From (20) and (16), we further obtain
Since (23) is not an LMI, we must further apply the two-step method. From the inequality
and using Schur complements, we have
(24) Solving (24), we obtain M j , X 1 and in turn controller gains K j . Then we substitute the known parameters solved in the first step into (23). From Schur complement, we have
Since the controller parameters are already known, (25) is an LMI. Then the observer gains are obtained once there exists a P 2 such that (25) is feasible. In other words when P 2 and O i are solved, the observer gains are obtained from the relationship
Remark 4. In previous literature, T-S fuzzy modelbased tracking control was based on linear reference models [Tseng et al., 2001] . In addition, the reference input was regarded as disturbance and attenuated by robust criterions. Since the system matrix is stable, the problem solved was more similar to the stabilization problem. Some other works have focused on nonlinear model following with all states known [Tanaka et al., 1998; Taniguchi et al., 2000] .
Numerical Simulations
To verify the theoretical derivation, we apply the above method to the tracking control of the chaotic continuous-time Chua's circuit [Chua et al., 1986] and discrete-time Hénon map with immeasurable states.
Example 1. Chua's Circuit. The reference model of the Chua circuit is governed by the following system equations:
Using the exact T-S fuzzy modeling method in [Lian et al., 2001a] , the reference system (26) is represented as the fuzzy rules Reference model rule i:
for i = 1, 2. The system matrices are
In this simulation, the parameters (α β g a g b ) = (9 14.285 − 1.42857 − 0.714285). If the regulation of x(t) at x ep is the objective, we let
and x R (t 0 ) = x ep . For the chaotic model following, the initial conditions x R (t 0 ) = (2.532735, 0.001285, −4.810611) T and r(t) is set as zero. For the plant, we assume that only state x 1 (t) of the reference is measurable. The plant model is given aṡ
where f (x 1 (t)) = g b x 1 (t) + 0.5(g a − g b )(|x 1 (t) + 1| − |x 1 (t) − 1|). The fuzzy rules for the plant are Plant rule i:
with fuzzy sets
For simulations here, arbitrary initial conditions are given (under the assumption that the plant is still a chaotic system). The controller gains and observer gains solved from the LMIs are Fig. 2 . The three-dimensional tracking performance is shown in Fig. 3 (reference plant dotted lines).
Example 2. Hénon Map. The reference model for the discrete-time Hénon map is given as The nonlinear term of the Hénon map is −x 2 R1 (t). Therefore the premise variable is x R1 (t).
In this case, the T-S fuzzy model for (29) is
Reference model rule i: for i = 1, 2. The system matrices are
The corresponding fuzzy sets are
The plant model is given as
The fuzzy rules for the plant are Plant rule i:
where the system matrices are respectively; and ρ = 10. Here we illustrate the tracking errors for the states with respect to time in Figs. 4(a) and 4(b) forx 1 (t) andx 2 (t), respectively.
DSP-Based Experiments
To further verify the theoretical derivations, we carry out DSP-based experiments. The controller card used is the DS1102. This card supports MATLAB Simulink blocksets. Therefore a practical implementation using GUI to build the observercontroller tracking scheme with blocks is straightforward. Then the Real-Time Workshop toolbox converts the blocksets into source code which can be downloaded to the DSP card. The DS1102 also includes data acquisition and a very special feature which allows the user to fine tune controller parameters online. This tuning of controller parameters can be done in the COCKPIT GUI (the experiments carried out in this paper did not make use of this, since controller parameters are chosen by solving LMIs). Based on the numerical simulations above, we show the oscilloscope images of the fuzzy model-based tracking control. The results for Chua's circuit plant states x 1 (t), x 2 (t), x 3 (t) tracking reference states x r1 (t), x r2 (t), x r3 (t), respectively are shown in Figs. 5-7. The tracking errorsx 1 (t) andx 2 (t) for the Hénon map are shown in Figs. 8 and 9 , respectively.
Conclusions
In this paper, we have extended the fuzzy tracking of chaotic nonlinear reference models considering immeasurable states for both continuous-time and discrete-time systems. Results of numerical simulations and DSP-based experiments on the wellknown Chua's circuit and Hénon map show the validity of the approach. This tracking control can be extended to a wider variety of nonlinear systems once noting that there may exist approximation errors from the T-S fuzzy modeling procedure. The thorough discussion will be left for future research.
